Abstract. We introduce a notion of admissible Hermitian metrics on parabolic bundles and define positivity properties of the same. We develop Chern-Weil theory for parabolic bundles and prove that our metric notions coincide with the already existing algebrogeometric versions. We also formulate a Griffiths conjecture in the parabolic setting and prove some results that provide evidence in its favour. In particular, we prove that it holds on Riemann surfaces, a Berndtsson-type result holds in general, and that there are metrics on stable bundles over surfaces whose Schur forms are positive.
Introduction
Given a Hermitian holomorphic vector bundle (E, H) on a complex manifold X, it is said to be Griffiths (respectively, Nakano) positive if the curvature Θ H is a positive bilinear form when tested against v ⊗ s where v is a tangent vector and s a vector from E (respectively, when tested against all vectors in TX ⊗ E). Another notion of positivity is Hartshorne ampleness -E is Hartshorne ample if O E (1) over P(E) is ample in the usual sense. It is clear that a Griffiths positive bundle is Hartshorne ample. The converse is a well known conjecture of Griffiths.
The evidence available in favour of Griffiths' conjecture is as follows :
(1) Mori [28] proved Hartshorne's conjecture [21] . This means that a compact complex manifold M whose tangent bundle TM is Hartshorne ample is biholomorphic to CP n . Since the Fubini-study metric has positive bisectional curvature, TM is Griffiths positive. (2) Umemura [36] and later Campana-Flenner [14] proved the Griffiths conjecture for Riemann surfaces. (3) Block-Gieseker [11] proved that the Schur polynomials of Hartshorne ample bundles are numerically positive. Griffiths himself proved that c 1 , c 2 of a Griffiths positive metric are positive as forms. Guler [19] and Diverio [17] proved (using a complicated calculation based on an elegant idea of Guler) that the signed Segre forms of Griffiths positive bundles are positive (and hence, on surfaces the Schur polynomials of a Griffiths positive metric are positive pointwise). In [31] it was proven that a Hartshorne ample semistable bundle over a surface admits a metric whose Schur polynomials are positive pointwise. It is still unknown as to whether Schur polynomials of Griffiths positive metrics are pointwise positive, but if so, this would be further indirect evidence.
(4) Demailly [16] proved that if E is Griffiths positive then E ⊗ det(E) is Nakano positive. Berndtsson [2] proved that if E is Hartshorne ample, then E ⊗ det(E) is Nakano positive. Mourougane-Takayama [29] independently proved that E⊗det(E) is Griffiths positive.
It is but natural to wonder if the same kind of a conjecture can be made for singular Hermitian metrics. Unfortunately, the notion of a singular Hermitian metric on general vector bundles (as opposed to line bundles where a lot of work has been done) is quite subtle and only recently has there been progress on it [15, 4, 30, 33, 34, 3, 26, 22] . A compromise can be made by choosing to work with parabolic bundles, which are essentially vector bundles equipped with flags (and weights) over divisors. Any reasonable notion of a "metric" on a parabolic bundle should degenerate on the divisor, i.e., it should be a singular Hermitian metric. The differential geometry of parabolic bundles has been studied reasonably well [35] , [5] , [32] , [25] . The notion of parabolic Hartshorne ampleness has also been studied [7, 9, 10] . However, to our knowledge, the metric aspects of parabolic ampleness have not received any attention so far. This paper attempts to remedy that situation.
In this paper we prove the following results.
(1) In section 3 we introduce a notion of admissible Hermitian metrics on parabolic bundles with rational weights over projective manifolds. (2) We define a metric notion of Griffiths (and Nakano) positivity for parabolic bundles in section 4 and formulate a Griffiths conjecture in this context. We prove it for Riemann surfaces. Moreover we prove that our notion of positivity agrees with the algebro-geometric notion in [7] for line bundles. (3) In section 5 we develop Chern-Weil theory for admissible metrics on parabolic bundles. We verify that the Chern classes coincide with the ones defined algebraically in [8, 24] . We prove that the pushforward of c k 1
(O E (1)) gives (signed) Segre forms of E. This is a parabolic version of some results in [19, 17] . Our proof has a small technical innovation in terms of generating functions and we hope it generalises to computing pushforwards for flag bundles. Lastly, we prove a parabolic version of a result in [31] concerning the existence of metrics whose Schur forms are positive on stable bundles over surfaces. (4) In section 6 we prove a parabolic analogue of Berndtsson's theorem, i.e., if E is Hartshorne ample, E ⊗ det(E) is Nakano positive.
Preliminaries
Let X be an irreducible smooth complex projective variety and D ⊂ X a reduced effective simple normal crossing divisor; this means that for the decomposition
irreducible components, each component D i is smooth and they intersect transversally. In this paper we will state and prove results only for the case of µ = 1, i.e., for smooth divisors. The general case of simple normal crossings is not such a big leap from our current study.
Definition.
Let E be a holomorphic vector bundle on X of rank r. A quasiparabolic structure on E over D is a filtration
where each F i j is a subbundle of E| D i such that they are locally abelian, which means that for every x ∈ D there is a decomposition of E x into a direct sum of lines with the property that for any i with x ∈ D i , the filtration of E| D i when restricted to x, is given by combinations of these lines.
A parabolic structure is a quasiparabolic structure endowed with parabolic weights which are collections of rational numbers Take a parabolic vector bundle E * . Maruyama and Yokogawa associate to E * a filtration of coherent sheaves {E t } t∈R parametrized by R [27] . This filtration encodes the entire parabolic data. We recall from [27] some properties of this filtration:
(1) the filtration {E t } t∈R is decreasing as t increases, meaning E t+t ′ ⊂ E t for all t ′ > 0 and t, (2) it is left-continuous, meaning for all t ∈ R, there is ǫ t > 0 such that the above inclusion of E t in E t−ǫ t is an isomorphism,
is finite, and (6) the filtration {E t } t∈R has a right jump at t if and only if t − [t] is a parabolic weight for E * .
Fix a very ample line bundle on X to define degree of coherent sheaves on X. The parabolic degree of a parabolic bundle E * as above is defined to be
In terms of the filtration {E t } t∈R , we have
Now we will recall the definitions of direct sum, tensor product and dual of parabolic vector bundles.
Let E * and V * be parabolic vector bundles with a common parabolic divisor D. The underlying vector bundles for E * and V * will be denoted by E and V respectively. Let ι : X \ D ֒→ X be the inclusion map. Consider the quasi-coherent sheaf ι * ι * (E ⊕ V). The parabolic direct sum E * ⊕ F * is defined to be the parabolic vector bundle that corresponds to the filtration {E t ⊕ F t } t∈R of subsheaves of it.
Next consider the quasi-coherent sheaf ι * ι * (E ⊗ V). For any t ∈ R, let U t be the coherent subsheaf of it generated by all E s ⊗ V t−s , s ∈ R. The parabolic tensor product E * ⊗ F * is defined to be the parabolic vector bundle that corresponds to this filtration {U t } t∈R .
For any t ∈ R, define E t+ to be E t+ǫ , where ǫ > 0 is sufficiently small so that E t+ǫ is independent of ǫ (recall that the filtration parametrized by R has finitely many jumps in each bounded interval so it is constant except for those finitely many jumps). Therefore, (E −t−1+ǫ )
* is a subsheaf of ι * ι * E * . The parabolic dual E * * of E * is defined by the filtration {(E −t−1+ǫ ) * } t∈R . So the underlying vector bundle for the parabolic dual E * * is (E +ǫ−1 ) * .
Let Y be a connected smooth complex projective variety and
a finite subgroup of the group of automorphisms of the variety Y. A Γ-linearized vector bundle over Y is a holomorphic vector bundle V over Y equipped with a holomorphic action of Γ such that
• the action of Γ on V is fiberwise linear.
In other words, V is an orbifold vector bundle; it is also called an equivariant bundle.
Assume that that quotient variety Y/Γ is smooth. Let
be the quotient map. Consider the ramification divisor for q; let D q be the reduced ramification divisor for q. Take a Γ-linearized vector bundle V on Y. Let D ⊂ D q be the union of all the irreducible components D ′ of D q with the property that the isotropy subgroup of Γ, for the action of Γ on V, of every point z of D ′ acts nontrivially on the fiber of V over z. By means of the invariant direct image construction, V produces a parabolic vector bundle E * on X with parabolic structure over the divisor q( D) [6] , [12] , [13] .
Conversely, given a parabolic vector bundle E * on X with parabolic structure over a simple normal crossing divisor D, there is a triple (Y, Γ, V) as above such that E * coincides with the parabolic vector bundle associated to V [6] , [12] , [13] .
The above correspondence between the parabolic vector bundles and the orbifold vector bundles is compatible with the operations of direct sum, tensor product, dualization etc.
Admissible Hermitian metric
In the next few paragraphs we discuss the above constructions from a concrete, differentiogeometric point of view. For the rest of the paper we assume that D is smooth for the sake of convenience. Our results can be easily generalized to the case of simple normal crossing divisors.
As preparation, whenever we talk of a trivialization around a point on D, we consider "adapted frames", i.e., frames {e 1 , e 2 , . . .} on a neighbourhood in X of a point in D such that when restricted to D, the collection e 1 , . . . , e r j is a frame for F j (r j − r j+1 is called the multiplicity of the weight α j ). Fix a branched Galois cover Y of X such that the parabolic bundle E * is the invariant direct image of an equivariant vector bundle V over Y. Assume that the adapted frame on X is induced from a frame e i on Y such that the action of Γ in this frame is diagonal. Cover X with coordinate open sets U γ with coordinates z 1,γ , z 2,γ , . . . , z n,γ such that p 
] where g are the transition functions of V and z is the corresponding element in p
Definition. Suppose E * and G * are parabolic bundles with parabolic divisor D on a complex projective manifold X, and flags, rational weights and transition functions ( 
, and g
Note that the fractional powers z α 1 in the previous definition and the paragraph preceding that are to be taken on a suitably chosen branch of the complex plane.
Take any triple (Y, Γ, V) as above such that the parabolic vector bundle E * coincides with the parabolic vector bundle associated to the Γ-linearised V. Then the projectivization P(E * ) is defined to be the quotient P(V)/Γ. This quotient P(V)/Γ depends only on E * and it is independent of the choice of (Y, Γ, V). There is a positive integer m such that the isotropy groups, for the action of Γ on P(V), act trivially on the fibers of O V (m). Therefore, O V (m) descends to the quotient P(V)/Γ = P(E * ) as a line bundle.
For differentio-geometric purposes, we need to study metrics and connections on both, the bundle, as well as the base manifold that respect the parabolic structure.
Firstly, here is the definition of an admissible Hermitian metric on a parabolic vector bundle E * .
Definition. An admissible Hermitian metric H on E * is a Hermitian metric on the underlying vector bundle E induced by a Γ-invariant Hermitian metric H on V, where (Y, Γ, V) corresponds to E * by the invariant direct image construction and Y is the minimal branched cover of X, i.e., if the parabolic weights are
where k i , N are coprime, then Y is an N-fold branched cover. Note that the induced Hermitian metric on E is singular if the parabolic structure is nontrivial.
We need to show that admissibility does not depend on which cover we choose. To this end, we need a local way of checking when a metric is admissible. Suppose we choose coordinates (w 1 , . . . , w n ) on Y such that w 1 = 0 is the ramification divisor (assumed to be smooth),
is the quotient map near D, and a holomorphic frame e 1 , . . . , e r that is compatible with the flag. Note that the invariant direct image E * is locally freely generated by e j = e j w k r+1−j 1 where k j are the weights of the action of Γ.
Lemma 3.1. The metric H induced on E * is locally (near D) of the form
H ij (z) = z α r+1−i 1 H ij (w)z α r+1−j 1 .
(on a chosen branch of the complex plane). Conversely, if H is a smooth metric on E
* | X−D such that H ij (w) = z −α r+1−i 1 H ij (z)z −α r+1−j 1
extends smoothly (as a function of w) and positively across the branch cut then H is induced from a Γ-invariant metric H on V.
Proof. Since H ij (z) = e i , e j H , we see that (using the physicist's convention for inner product)
It follows from the above observation that
This clearly defines an invariant metric on V because
(and hence a, b H is invariant). Moreover, the expression clearly does not depend on the branch cut chosen. So the only potentially problematic points occur on w 1 = 0. But we know that H extends smoothly and hence defines a smooth invariant metric on V.
Now we prove that the notion of admissibility is well-defined. Proof. By minimality,
Suppose we choose coordinates z, w near D :
) and an admissible frame e i for E * induced from Y 1 . Then
) be coordinates near D : Z 1 = 0 on X, Y 2 respectively and an admissible frame f I for E * induced from Y 2 . Clearly, 
As in Lemma 3.1, H 2 can only be problematic on W 1 = 0. Since the weights satisfy α I ≥ α J if I ≥ J, and the expression in (3.1) is a smooth function of w (which is in turn a smooth function of W), we see that H 2 (W) is smooth even at the origin.
Remark 3.1. The proof of Lemma 3.2 actually shows that any smooth metric on E over X − D is an admissible metric if and only if the expression z
is a smooth function of (z
, and e i is any adapted frame for E. Therefore, we do need a cover Y to define the notion of admissibility. Nonetheless, in this paper we find it convenient to do so using a specific cover.
Positivity and ampleness
A Γ-invariant Hermitian metric on V produces a Γ-invariant Hermitian metric on O V (1), and hence a Γ-invariant Hermitian metric on every O V (n). Therefore, if O V (m) descends to P(E * ), the descended line bundle gets a Hermitian metric.
It is known that the parabolic vector bundle E is Hartshorne ample (respectively, Hartshorne nef) if the vector bundle V is Hartshorne ample (respectively, Hartshorne nef) [7] , [10] , [9] .
We say that (E * , H) is Griffiths (respectively, Nakano) positive if (V, H) is so. Note that Griffiths positivity implies Hartshorne ampleness of V which in turn implies the parabolic ampleness of E. We have the following obvious analogue of the usual Griffiths conjecture : If E * is Hartshorne ample, then is there an admissible metric H such that (E * , H) is Griffiths positive ?
Before proceeding further, we define the notion of an admissible Kähler metric on X with cone singularities on an effective reduced irreducible divisor D with simple normal crossings. 
Definition. If (X,
Now ω induces an α-admissible metric ω α on X. The inequality Θ H ≥ Cω when written in the z coordinates is equivalent to
which implies the desired result.
The next lemma shows that the curvature of an admissible metric is a current for line bundles. 
It is easy to see that
It is clearly closed away from D. As a current, suppose f is a smooth compactly supported (n − 1, n − 1)-form in a coordinate neighbourhood B of D; if B ǫ is everything in B outside a tubular neighbourhood of D of size ǫ, then
The latter is easily seen to go to 0 as ǫ → 0. Therefore c 1 (h) + α[D] and hence c 1 (h) are closed currents. Now we prove that for line bundles, our metric notion of parabolic ampleness coincides with the algebro-geometric one in [7] .
Lemma 4.3. A parabolic line bundle (L * , H) (where H is induced from a smooth metric H on L over a branched cover Y) is ample in the metric sense above for some admissible metric H if and only if L * is parabolic ample in the algebro-geometric sense.
Proof. A parabolic line bundle is algebro-geometrically parabolic ample if and only if L + αD is a Kähler class [7] . The next lemma shows that parabolic Griffiths positivity implies parabolic Hartshorne ampleness in the metric sense. While this was done earlier abstractly, here we show a concrete construction of a metric akin to the usual case.
Lemma 4.4. Suppose (E * , H) is a parabolic bundle on X with an admissible metric H induced from H on V over Y. This induces an admissible metric h on the parabolic bundle O(1) * over P(E * ).

Moreover, if H is parabolic Griffiths positive, so is h.
Proof. Since P(E * ) = P(V)/Γ and O E (1) * is the invariant direct image of O V (1), the metric h that H induces on O V (1) induces a metric h downstairs on O E (1) * and is hence admissible. Moreover, since h is positively curved whenever H is, by definition of parabolic positivity, we are done.
Finally, we recall the notion of stability (and semi-stability) in the parabolic case and recall the existence of Hermite-Einstein admissible metrics in the parabolic setting when the weights α i = k i N are rational.
Take a parabolic bundle E * . For any coherent subsheaf F ⊂ E, the parabolic structure on E induces a parabolic structure on F. This induced parabolic structure will be denoted by F * . A parabolic bundle E * is called parabolic stable (respectively, parabolic semistable) if for any coherent subsheaf 0 F F with E/F torsionfree, we have
A parabolic vector bundle E * is called polystable if (1) it is parabolic semistable, and (2) it is a direct sum of parabolic stable bundles.
Let q : Y −→ X be a ramified Galois covering with Galois group Γ, and V −→ Y be a Γ-equivariant bundle such that E * corresponds to V.
We will show that E * is semistable if and only if V is semistable. First assume that E * is not semistable. Let F ⊂ E be a subsheaf that violates the semistability condition. Then the subsheaf of V generated by q * F such that the quotient of V by it is torsionfree contradicts the semistability condition for V. Conversely, if V is not semistable, consider the first term W of the Harder-Narasimhan filtration of V. From the uniqueness of the Harder-Narasimhan filtration it follows that the subsheaf W is preserved by the action of Γ on V. Hence the invariant direct image (p * W) Γ is a subsheaf of E. This subsheaf violates the semistability condition for E * .
By an identical argument it follows that E * is polystable if and only if V is polystable; we just need to replace the Harder-Narasimhan filtration by the socle filtration (see [23, page 23 , Lemma 1.5.5] for the socle filtration).
If E * is polystable, then consider the Hermite-Einstein connection on the polystable vector bundle V. From the uniqueness of the Hermite-Einstein connection it follows that it is preserved by the action of Γ. Hence it descends to a Hermite-Einstein connection on E * . Conversely, an Hermite-Einstein connection on E * produces an Hermite-Einstein connection on V, which implies that V is polystable. Hence E * is polystable. So E * is polystable if and only if it admits an Hermite-Einstein structure. 
is a short exact sequence of equivariant vector bundles, and both A ′ and C ′ admit equivariant Hermitian structures that are Nakano positive, then B ′ also admits an Hermitian structure which is Nakano positive. To prove that B ′ admits an Hermitian structure which is Nakano positive, observe that Lemma 2.2 of [36] extends to equivariant set-up without any change. Therefore, we conclude that B * is Nakano positive if A * and C * are so.
Armed with this observation about short-exact sequences, we may prove the parabolic version of Griffiths' conjecture for Riemann surfaces. 
Proof. First assume that E * is Nakano positive. Then every quotient of E * has positive parabolic degree. This implies that E * is parabolic ample [7, Theorem 3.1]. Now assume that E * is parabolic ample. Therefore, every quotient of E * has positive parabolic degree [7, Theorem 3.1] . Consider the Harder-Narasimhan filtration of E * . Every semistable parabolic vector bundle on a Riemann surface admits a filtration of subbundles such that each successive quotient is stable of same parabolic slope. Using it we construct a finer filtration of the Harder-Narasimhan filtration of E * such that each successive quotient is stable and the parabolic slopes are decreasing (now the slope is no longer strictly decreasing). Next observe that a stable parabolic bundle of positive parabolic degree is Nakano positive because the Hermitian-Einstein metric on it is Nakano positive. On the other hand, E * is a successive extensions by stable parabolic bundles of positive degree starting with a stable parabolic bundle of positive degree. Therefore, from the earlier observation that B * in (4.5) is Nakano positive if A * and C * are so, we now conclude that E * is Nakano positive.
Chern-Weil theory for parabolic bundles
In this section, we develop Chern-Weil theory for admissible metrics and provide further evidence for Griffiths' conjecture, by proving that the push-forward of powers of the first Chern form of the tautological bundle on the parabolic projectivisation are the Segre forms downstairs. (Our proof is a calculation involving generating functions and is hence technically slightly different from the analogous ones for usual bundles by [17] and [19] .) In addition, for surfaces, akin to [31] we prove that parabolic ample stable bundles admit metrics whose Schur forms are positive.
First we prove a lemma to the effect that invariant closed forms and cohomology classes descend from Y to X. where z are coordinates on X. Define
Suppose f is a smooth (n − p, n − q)-form with compact support in the given coordinate neighbourhood B of D. Denote the region in B outside an ǫ-tubular neighbourhood of B by B ǫ
as ǫ → 0. Therefore dη = 0 as a current. If η = d w γ, and hence η = d z γ away from D (technically, away from a branch cut, but this will play no role because γ is well-defined as a smooth form on X − D by invariance of γ). Now
as ǫ → 0 because by invariance, γ is given by similar expression as (5.1).
It is easy to see that the Chern-Weil forms of an invariant metric on an equivariant bundle V over Y are invariant differential forms. Now we may define the parabolic Chern-Weil forms of an admissible metric.
Definition. Suppose E * , H is a parabolic bundle with an admissible metric induced from a smooth metric H on a Γ-invariant holomorphic vector bundle V of rank r over a branched cover Y of X = Y/Γ. Then, given any invariant polynomial Φ acting on matrices, the parabolic Chern-Weil form of (E * , H) corresponding to Φ is the form Φ par (Θ H ) induced from the invariant forms Φ(Θ H ).
We will prove the following lemma. 
Proof. The construction we use here is due to Gillet-Soulé [18] . Consider the vector bundle
Extend the action of Γ to Y × P 1 by making it act trivially on the second factor. This also lifts to an action to V. Take an affine open cover U 0 , U 1 of P 1 . Since this is a trivialising open cover for O(1), we may define a Hermitian metric
where ρ, 1 − ρ is a partition-of-unity subordinate to the open cover such that ρ = 1 on a neighbourhood of 0. This is clearly an invariant metric. Therefore
is the desired Bott-Chern form which is also invariant. 
and that the Bott-Chern form can be chosen to be invariant. Therefore, using Lemma 5.1 we see that the induced parabolic Chern-Weil currents have a unique cohomology class.
This allows us to define the parabolic Chern classes as the cohomology classes [c par (Θ H )] where H is any admissible metric. These cohomology classes coincide with the ones defined in [8] , [24] . The first step to proving this is the following theorem (which in the usual case was proven in [19, 17] 
The results of [19, 17] show that equation (5.4) holds for h. By equivariance, this implies that the equation holds true for h as well. We shall give a proof of this result of [19, 17] here. A small technical advantage of this proof is that it uses generating functions and hence has the potential to produce more such formulae (in the context of general flag varieties). In what follows, we denote the projection map from P(V) to Y as π. Moreover, we choose a trivialisation U × P r of P(V) around p such that U is a coordinate neighbourhood and the frame is a normal frame, i.e., the metric at p is Euclidean up to second order. We also evaluate the fibre integrals over the affine chart w i =
where it is easy to see that f (Θ) is a universal polynomial (does not depend on Θ) with rational coefficients in the entries of the matrix of 2-forms Θ. Therefore, we may assume without loss of generality that actually, Θ is simply a skew-Hermitian matrix of complex numbers. It is also easy to see (a change of trivialisation does not change the Chern forms) that f is an invariant polynomial. Hence we may (without loss of generality) assume that Θ = diag(a 0 , a 1 , a 2 , . . . , a r ) where a i = √ −1b i are purely imaginary numbers. Now we may evaluate f (Θ) easily :
r−1
where c i =
We evaluate the last integral as follows.
r−1 8) where the second-to-last equality follows from a simple change of variables and the fact that c 1 (
Now suppose f is a smooth compactly supported form and X ǫ is everything in X outside of an ǫ-tubular neighbourhood of D. Then
where the second-to-last equality follows from (5.4) and the limits follow from the proofs of Lemmata 5.1 and 5.2. Indeed, the Chern-Weil currents are actually L 1 forms.
Let E * be a parabolic vector bundle on X. Let Y be a ramified Galois covering of X and V an equivariant vector bundle on Y, such that E * corresponds to V. The i-th parabolic Chern class of E * is the push-forward of the i-th Chern class of V [8] , [24] . Therefore, Theorem 5.1 has the following corollary: Corollary 5.2. The parabolic Chern classes defined earlier using admissible metrics coincide with the parabolic Chern classes defined in [8] , [24] .
Remark 5.1. The usual proof (see [20] for instance) that c 1 (Θ), c 2 (Θ) > 0 for Griffiths positive bundles shows that this holds even for parabolic Griffiths positive bundles (as weakly positive currents). The proof in [19] shows that positivity is preserved under fibre integral and hence the signed parabolic Segre forms are positive. Hence, on surfaces, if E * is parabolic Griffiths positive, then c 1,par , c 2 The right hand side of (5.11) is positive owing to the Kobayashi-Lübke inequality (see [31] for details). Moreover [c 1 (V)] is a Kähler class admitting an invariant Kähler metric (indeed take the push-forward of c 1 (O V (1)) r over P(V)). Thus (5.11) admits an invariant smooth solution φ. It admits a smooth solution thanks to Yau's proof of the Calabi conjecture [37] . The uniqueness of the solution makes it invariant because the Kähler class and the right hand side are invariant under the action of Γ. This induces a continuous function φ on X smooth outside D such that the induced metric G on E * is admissible and satisfies the desired properties.
Curvature of direct images
In this section, we prove an analogue of Berndtsson's theorem [2] for equivariant (i.e., parabolic) bundles. In particular, this implies that if E * is Hartshorne ample, then E * ⊗det(E) * is Nakano positive. There exists a holomorphic vector bundle E over X with a lift of the action of Γ such that for each n-dimensional fibre X t = π −1 (t) where t ∈ X, the fibre E t of E over t is the vector space of holomorphic sections of L| X t ⊗ K X t on X t . Moreover, the following metric H on E is invariant under Γ and has Nakano positive curvature:
Proof. The fact that E exists as a vector bundle and that H has Nakano positive curvature follows from theorem 1.2 in [2] . All we need to do is to check that the action of Γ lifts to E and that H is invariant under the same.
Firstly, the action of Γ extends to (p, q)-forms by means of pullback, i.e., g.ω = ( f g −1 ) * ω. By equivariance, L t ⊗ K X t is taken to L g.t ⊗ K X g.t . Thus Γ acts on sections of L t ⊗ K X t over X t and takes to them to sections of L g.t ⊗ K X g.t over X g.t . Consequently, E admits a lift of the action of Γ. By invariance of h it is easy to see that the metric 6.1 is an invariant metric. Proof. Since V admits an invariant Hermitian metric H such that the Hermitian metric on V ⊗ det(V) induced by H is Nakano positive, the theorem follows.
